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Udwlrqdol}deoh Wudgh
Vwhskhq Pruulv dqg Frvwlv Vnldgdv
Pdufk 4<<;
uhylvhg/ Iheuxdu| 4<<<

Devwudfw
Zh irupxodwh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru lqwhulp udwlr0
qdol}deoh wudgh ehwzhhq wzr sod|huv1
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4

Lqwurgxfwlrq

Qr wudgh wkhruhpv surylgh vx!flhqw frqglwlrqv iru wkh devhqfh ri htxl0
oleulxp wudgh ehwzhhq dv|pphwulfdoo| lqiruphg sod|huv14 Lq wklv sdshu/ zh
h{dplqh zkhq wudgh lv udwlrqdol}deoh/ l1h1/ frqvlvwhqw zlwk frpprq nqrzohgjh
ri udwlrqdolw|1 Vlqfh udwlrqdol}delolw| lv d zhdnhu vroxwlrq frqfhsw wkdq htxl0
oleulxp/ wudgh lv vrphwlphv udwlrqdol}deoh hyhq zkhq wkhuh lv qr htxloleulxp
wudgh1 Zh surylgh d qhfhvvdu| dqg vx!flhqw frqglwlrq iru udwlrqdol}deoh wudgh
ehwzhhq wzr dv|pphwulfdoo| lqiruphg sod|huv1 Rxu fkdudfwhul}dwlrq fryhuv
vlwxdwlrqv zkhuh wkh qr wudgh wkhruhpv gr qrw dsso|/ h1j1/ zkhq wkhuh duh h{
srvw jdlqv iurp wudgh dqg wkhuh lv qr frpprq sulru1 Wkxv rxu qhfhvvdu| dqg
vx!flhqw frqglwlrq qhlwkhu lpsolhv qru lv lpsolhg e| wkh vwdqgdug vx!flhqw
frqglwlrqv iru qr htxloleulxp wudgh1
Zh ehjlq e| uhylhzlqj vrph nqrzq vshfldo dujxphqwv rq udwlrqdol}deoh
wudgh wkdw rxu dqdo|vlv zloo xqli| dqg uhodwh wr wkh jhqhudo fdvh1
Dq H{dpsoh ri Udwlrqdol}deoh Wudgh1 Hdfk ri wzr sod|huv lv kdqghg
d fdug rxw ri d vkx"hg ghfn/ dqg diwhu vhhlqj wkh fdug pdnhv wkh ghflvlrq wr
hlwkhu ghsrvlw '43 lq d srw ru zdon dzd| iurp wkh jdph1 Erwk sod|huv pdnh
wkhlu ghflvlrqv vlpxowdqhrxvo|/ zlwkrxw revhuylqj wkh rwkhu sod|hu*v fdug ru
ghflvlrq1 Li hlwkhu sod|hu zdonv dzd|/ wkh jdph whuplqdwhv zlwkrxw dq| jdlqv
ru orvvhv1 Li qhlwkhu sod|hu zdonv dzd|/ wkh fdugv duh uhyhdohg> li wkh| duh
wkh vdph froru/ sod|hu rqh froohfwv wkh '53 lq wkh srw/ rwkhuzlvh sod|hu wzr
froohfwv wkh '531
Wkh ghflvlrq wr dffhsw wkh wudgh lq wklv frqwh{w lv wr qrw zdon dzd| iurp
wkh jdph1 Xvlqj d soxv ru d plqxv vljq wr ghqrwh d srvlwlyh h{0srvw jdlq
iurp wudglqj iru sod|hu rqh ru wzr/ uhvshfwlyho|/ wkh h{0srvw jdlqv iurp wudgh
lq wklv jdph fdq eh vxppdul}hg e| wkh iroorzlqj vljq sdwwhuq +wkh furvv
sdwwhuq,/ wkdw zloo sod| dq lpsruwdqw uroh wkurxjkrxw wklv sdshu1
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Vhh Dsshqgl{ D ri Ghnho dqg Jxo ^9` iru d uhylhz1 Iru h{dpsoh/ d uhvxow ri Vhehqlxv
dqg Jhdqdnrsorv ^48` vkrzhg wkdw wzr dv|pphwulfdoo| lqiruphg/ ulvn qhxwudo/ sod|huv zlwk
d frpprq sulru zloo qrw wudgh lq htxloleulxp dq remhfw ri frpprq h{0srvw ydoxh/ xqohvv
wkh| h{shfw }hur jdlqv iurp wkh wudgh1 Pruulv ^44` surylghv qhfhvvdu| frqglwlrqv rq sod|huv*
sulruv iru vxfk uhvxowv1

5

Ohw dKo eh wkh vwudwhj| dffhsw wkh wudgh rqo| li wkh fdug lv eodfn dqg ohw doo
eh wkh vwudwhj| dffhsw wkh wudgh rqo| li wkh fdug lv uhg1 Wkhq dKo lv d ehvw
uhvsrqvh iru sod|hu rqh wr vwudwhj| dKo ri sod|hu wzr> dKo iru sod|hu wzr lv d ehvw
uhvsrqvh wr sod|hu rqh fkrrvlqj doo> doo lv lq wxuq d ehvw uhvsrqvh iru sod|hu
rqh wr vwudwhj| doo ri sod|hu wzr> dqg doo iru sod|hu wzr lv d ehvw uhvsrqvh wr
sod|hu rqh fkrrvlqj dKo1 Vwudwhjlhv dKo dqg doo duh wkhuhiruh udwlrqdol}deoh iru
erwk sod|huv15
H{dpsohv zlwk Qr Udwlrqdol}deoh Wudgh1 Zh frqvlghu d qlwh vljqdo
yhuvlrq ri wkh wudglqj hqyhorshv sureohp vwxglhg e| Qdohex ^46`/ Jhdqdnr0
sorv ^<`/ dqg rwkhuv1 Hdfk ri wzr sod|huv udqgrpo| vhohfwv dq hqyhorsh rxw ri
d er{ frqwdlqlqj lqglvwlqjxlvkdeoh vhdohg hqyhorshv1 Lw lv frpprq nqrzohgjh
ehwzhhq wkh sod|huv wkdw hdfk hqyhorsh lq wkh er{ frqwdlqv vrph qxpehu ri
groodu eloov qrw h{fhhglqj vrph nqrzq qxpehu/ vd| whq1 Diwhu wkh sod|huv sul0
ydwho| rshq wkhlu hqyhorshv/ wkh| kdyh wkh rswlrq ri rhulqj wr h{fkdqjh wkhlu
hqyhorsh zlwk wkh rwkhu sod|hu*v hqyhorsh1 Li erwk sod|huv rhu wr wudgh/ wkh
hqyhorshv duh vzdsshg> rwkhuzlvh wkh sod|huv nhhs wkhlu ruljlqdo hqyhorshv1
D vlpsoh lwhudwlyh dujxphqw vkrzv wkdw wudgh lv qrw udwlrqdol}deoh lq wklv
vhwwlqj1 Dq sod|hu zkr uhfhlyhv dq hqyhorsh frqwdlqlqj whq groodu eloov zloo
fohduo| qrw rhu wr wudgh1 Nqrzlqj wkdw/ dq sod|hu zkr uhfhlyhv qlqh groodu
eloov zloo dovr uhixvh wr wudgh/ dqg vr rq1
Pruh jhqhudoo|/ li wudgh lv }hur0vxp dqg hdfk sod|hu*v jdlq lv d prqrwrqlf
ixqfwlrq ri erwk sod|huv* vljqdov/ wkhq h{foxglqj htxloleulxp wudgh +h1j1/ e|
dvvxplqj frpprq sulru eholhiv, dovr h{foxghv udwlrqdol}deoh wudgh1 Wklv lv
ehfdxvh/ e| prqrwrqlflw| lq ehvw uhvsrqvhv +vwudwhjlf frpsohphqwdulwlhv,/
wkh vxsuhpxp ri doo udwlrqdol}deoh vwudwhj| surohv lv dq htxloleulxp +dv
lq Plojurp dqg Urehuwv ^43`,1 Pruulv ^45` jdyh vx!flhqw frqglwlrqv iru qr
udwlrqdol}deoh wudgh h{sorlwlqj vxfk vwudwhjlf frpsohphqwdulw| dujxphqwv1
Qhfhvvdu| dqg Vx!flhqw Frqglwlrqv1 Rxu uhvxowv frqfhuq lqwhulp
udwlrqdol}delolw|/ zkhuh glhuhqw w|shv ri wkh vdph sod|hu pd| krog glhuhqw
frqmhfwxuhv ryhu wkh rssrqhqw*v dfwlrqv>6 zh dovr dvvxph wkdw sod|huv uhmhfw
wudgh zkhq wkh| duh lqglhuhqw dqg hdfk sod|hu kdv d qlwh qxpehu ri srvvleoh
vljqdov1 Lq wklv vhwwlqj/ zh vkrz wkdw wudgh lv udwlrqdol}deoh li dqg rqo| li
wkh vljq sdwwhuq ri wkh jdph +frqvwuxfwhg lq dqdorj| wr wkh furvv sdwwhuq
ri wkh deryh fdug h{dpsoh, frqwdlqv qr f|fohv1 Zh vkrz wkdw wklv frqglwlrq
5

Dxpdqq ^4` kdv dujxhg wkdw udwlrqdol}delolw| lv sulpd idflh wrr zhdn d vroxwlrq frqfhsw/
suhflvho| ehfdxvh lw doorzv jdlqv iurp wudgh lq }hur vxp vhwwlqjv vxfk dv wkh deryh h{dpsoh1
6
Dowhuqdwlyh yhuvlrqv ri udwlrqdol}delolw| duh glvfxvvhg lq vhfwlrq 61
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lv lq idfw yhu| forvh wr hdfk ri wkh wkuhh frqglwlrqv zh glvfxvvhg deryh1 Li
h{dfwo| rqh sod|hu dozd|v jdlqv h{ srvw/ wkhuh lv qr udwlrqdol}deoh wudgh li
dqg rqo| li dq| rqh ri wkh iroorzlqj htxlydohqw frqglwlrqv krogv=
41 Qr wzr0e|0wzr vxevhw ri wkh jdph*v vljq sdwwhuq kdv wkh furvv sdwwhuq
ri wkh fdug h{dpsoh1
51 Wkh jdph*v vljq sdwwhuq lv wkdw ri vrph wudglqj hqyhorshv sureohp1
61 Wkh jdph*v vljq sdwwhuq lv wkdw ri vrph prqrwrqh }hur vxp wudgh>
wkdw lv/ xqghu vrph rughulqj ri vljqdo uhdol}dwlrqv/ sod|hu 4*v jdlqv duh
lqfuhdvlqj lq erwk vljqdov dqg sod|hu 5*v jdlqv duh ghfuhdvlqj1
Wkh fdug dqg wudglqj hqyhorshv h{dpsohv glvfxvvhg deryh duh wkhuhiruh
fdqrqlfdo h{dpsohv ri wkh srvvlelolw| dqg lpsrvvlelolw|/ uhvshfwlyho|/ ri udwlr0
qdol}deoh wudgh1 Wklv fkdudfwhul}dwlrq lv lqghshqghqw ri wkh sod|huv* sulruv
rq vljqdov1
Wkh sdshu*v fkdudfwhul}dwlrq lv uhodwhg wr uhvxowv rq udwlrqdo h{shfwdwlrqv
htxloleuld +UHH, e| GhPdu}r dqg Vnldgdv ^:`/ ^;`1 Iru h{dpsoh/ Sursrvlwlrq
; ri ^:` vkrzv wkdw lq qlwh wzr0sod|hu dv|pphwulf lqirupdwlrq hfrqrplhv
zlwk rqh ulvn| dvvhw zkrvh sd|rv duh frqwlqjhqw rq wkh srrohg vljqdov/ dqg
rqh ulvn0iuhh dvvhw/ wkh devhqfh ri wkh furvv sdwwhuq/ surshuo| lqwhusuhwhg/
lpsolhv wkh qrq0h{lvwhqfh ri sduwldoo| lqirupdwlyh UHH/ dqg wkh xqltxhqhvv
ri d ixoo| lqirupdwlyh UHH1

5

Wkh Uhvxow

Zh frqvlghu d jdph ehwzhhq wzr sod|huv/ odehohg  dqg 21 Wkh sod|huv* sulru
eholhiv duh uhsuhvhqwhg e| wkh suredelolwlhv  dqg 2/ uhvshfwlyho|/ ghqhg rq
vrph phdvxudeoh vsdfh Elc I1 Sod|hu  revhuyhv wkh uhdol}dwlrq ri d vljqdo
 G l $ A / zkhuh A lv d qlwh vhw/ dqg  d  ' | o : f iru doo | 5 A dqg
 5 ic 2j1 Zh xvh wkh qrwdwlrq ' E  c 2 dqg A ' A  A2 wkurxjkrxw/
zkloh wkh h{shfwdwlrq rshudwru zlwk uhvshfw wr  lv ghqrwhg . 1
Edvhg rq wkhlu lqirupdwlrq/ sod|huv pdnh d ghflvlrq wr dffhsw ru uhmhfw d
wudgh1 Li erwk sod|huv dffhsw wkh wudgh/ sod|hu  uhfhlyhv d vwdwh0frqwlqjhqw
sd|r T G l $ +/ d  0lqwhjudeoh udqgrp yduldeoh1 Li hlwkhu sod|hu uhmhfwv
wkh wudgh/ wkh sd|r wr erwk sod|huv lv }hur1 Lq frqwh{wv lq zklfk sod|huv duh
qrw ulvn qhxwudo/ T vkrxog eh wkrxjkw ri dv wkh h{ srvw xwlolw| ri sod|hu  li
wudgh rffxuv plqxv wkh h{ srvw xwlolw| ri sod|hu  li qr wudgh rffxuv1
7

D vwudwhj| iru sod|hu  lv dq| ixqfwlrq ri wkh irup _ G A $ dfc o1 Zh
lqwhusuhw _ E|  dv wkh suredelolw| wkdw sod|hu  zkr revhuyhv d vljqdo ydoxh
| zloo rhu wr wudgh1 Wkh vsdfh ri doo vwudwhjlhv iru sod|hu  lv ghqrwhg ( /
dqg wkh qr wudgh vwudwhj| +lghqwlfdoo| htxdo wr }hur, lv ghqrwhg f1 Jlyhq dq|
vhw ri vwudwhjlhv 7  ( / zh ohw frqyE7 ghqrwh wkh frqyh{ kxoo ri 71
Jlyhq sod|hu wzr vwudwhj| _2 5 (2 / sod|hu rqh*v ehvw uhvsrqvh lv wkh
vwudwhj|  E_2 5 ( ghqhg e|
+

 E_2 E|  '

 li . d T_2 E 2  m
f rwkhuzlvh1



' | o : f>

Wkh vhfrqg sod|hu*v ehvw uhvsrqvh ixqfwlrq/ 2/ lv ghqhg v|pphwulfdoo|1
Lpsolflw lq wkhvh ghqlwlrqv lv wkh dvvxpswlrq wkdw d wudgh lv uhmhfwhg li wkhuh
lv }hur h{shfwhg jdlq iurp wudgh1 Wklv dvvxpswlrq lv glvfxvvhg dqg mxvwlhg
lq vhfwlrq 61
D vwudwhj| suroh E_ c _2 5 (  (2 lv dq htxloleulxp li _ '  E_2  dqg
_2 ' 2 E_1 Qr wudgh/ Efc f/ lv dozd|v dq htxloleulxp ri wklv jdph1 Wkh qr
htxloleulxp wudgh uhvxow jlyhv vx!flhqw frqglwlrqv iru wklv wr eh wkh xqltxh
htxloleulxp=
Sursrvlwlrq 4 Li  ' 2 dqg T n T2  f/ wkhq wkh qr wudgh htxloleulxp/
Efc f/ lv wkh xqltxh htxloleulxp1
Surri1 Vxssrvh wkdw E_c _2 9' Efc f lv dq htxloleulxp1 Wkhq _ '  E_2 
lpsolhv . dT _ E  _2 E 2o : f/ dqg _2 ' 2 E_  lpsolhv .2 dT2_ E   _2 E 2 o :
f1 Wkh wzr lqhtxdolwlhv duh fohduo| lqfrqvlvwhqw zlwk wkh sursrvlwlrq*v dvvxpswlrqv1
Zh frqvlghu lqvwhdg wkh vhw ri vwudwhjlhv wkdw duh udwlrqdol}deoh1 Wkh vhw
ri udwlrqdol}deoh vwudwhjlhv lv lghqwlhg e| lwhudwlyho| ghohwlqj vwudwhjlhv wkdw
duh qrw ehvw uhvsrqvhv wr uhpdlqlqj vwudwhjlhv ri wkh rssrqhqw1 Vr vwduwlqj
zlwk Uf ' ( / zh uhfxuvlyho| ghqh=
U&n '
U2&n '

q





r

q





r

_ 5 U& m ;| 5 A G <_2 5 frqy U2& G _ E| '  E_2  E| c
_2 5 U2& m ;|2 5 A2 G <_ 5 frqy U& G _2 E|2 ' 2 E_  E|2 
W

Wkh vhw ri lqwhulp udwlrqdol}deoh vwudwhjlhv iru sod|hu  lv U" ' &Df U& 1 Wklv
lv wkh lqwhulp yhuvlrq ri udwlrqdol}delolw| ehfdxvh glhuhqw w|shv ri hdfk sod|hu
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duh doorzhg wr krog glhuhqw frqmhfwxuhv derxw wkh rssrqhqw*v dfwlrqv17 Wkh
dowhuqdwlyh h{ dqwh yhuvlrq ri udwlrqdol}delolw| lv glvfxvvhg lq vhfwlrq 61
Zulwh u iru wkh vhw ri vljqdo surohv zkhuh sod|hu  h{shfwv d vwulfw jdlq
iurp wudgh/ l1h1/
q

k

u ' | 5 A G . T t

l
'|

r

:f c

 5 ic 2j c

+4,

zkhuh t '| ghqrwhv wkh udqgrp yduldeoh wkdw lv htxdo wr rqh rq wkh hyhqw
i ' |j dqg }hur rwkhuzlvh1 D
 q0f|foh
 ri Eu c u2  lv dq| vhw ri wkh irup
&n &

2
?
i| c | c    c | j  u vxfk wkdw | c |2 5 u2 iru doo & 5 ic    c ?  j/ dqg
E|c |?2  5 u2 1 Wkxv zulwlqj d n iru hohphqwv ri u dqg d  iru hohphqwv ri u2 /
wkh iroorzlqj duh h{dpsohv ri d 0f|foh/ d 20f|foh/ dqg d e0f|foh/ uhvshfwlyho|=

|

|2

|
|

|2

|
|2

|2
n 
 n

|
|e

|2 |22 |2 |e2
n

 n
 n
 n

Eu c u2 lv df|folf li wkhuh lv qr ?0f|foh iru dq| ?1
Sursrvlwlrq 5 Wkhuh lv qr lqwhulp udwlrqdol}deoh wudgh EU" ' U2" ' ifj li
dqg rqo| li Euc u2  lv df|folf1
Surri1 Vwduwlqj zlwk Af ' A / zh uhfxuvlyho| ghqh wkh vhwv=
A&n '
A2&n '

q

r

q

r

| 5 A& G E|c |2  5 u iru vrph |2 5 A2& /
|2 5 A2& G E|c |2  5 u2 iru vrph | 5 A& /

W

dqg zh ohw A" ' &Df A& 1 Jlyhq dq| vhw A  A / zh ohw ( EA  ghqrwh wkh
vhw ri doo _ 5 ( vxfk wkdw _ E|  ' f li | 5
* A 1 Qrz zh pd| yhuli| e|
lqgxfwlrq wkdw U& ' ( A& iru doo &> wklv lv wuxh e| ghqlwlrq iru & ' f1
* A&n/ wkhq E| c |2 5
* u iru doo
Vxssrvh wkdw lw lv wuxh iru &1 Qrz li | 5
&
&
|2 5 A2 1 Wkxv . dT_2m  ' |o  f iru doo _2 5 U2 dqg qrw rhulqj wr
7

Ehuqkhlp ^6` dqg Shdufh ^47` ghqhg udwlrqdol}delolw| iru frpsohwh lqirupdwlrq jdphv1
Lqfrpsohwh lqirupdwlrq fdq dozd|v eh uhsuhvhqwhg e| d pryh e| qdwxuh dw wkh ehjlqqlqj
ri wkh jdph1 Dsso|lqj Shdufh*v qrwlrq ri h{whqvlyh irup udwlrqdol}delolw| wr wkdw jdph
jlyhv lqwhulp udwlrqdol}delolw|1

9

wudgh lv wkh ehvw uhvsrqvh iru sod|hu  jlyhq vljqdo |1 Rq wkh rwkhu kdqg/ li
| 5 A&n / wkhq#E|c |2  5 u+ iru vrph |2 5 $A2& 1 Wkh vwudwhj| ri dffhswlqj rqo|
/ li |2 ' |2
jlyhq vljqdo |2 _2 E|2 '
lv lq A2& 1 Vr rhulqj wr wudgh lv d
f/ rwkhuzlvh
ehvw uhvsrqvh iru sod|hu  jlyhq vljqdo |1 Exw wkh vwudwhj| ri qhyhu rhulqj
wr wudgh lv dovr lq A2& 1 Vr qrw rhulqj wr wudgh

lv dovr d ehvw uhvsrqvh iru
&n
& n
sod|hu  jlyhq vljqdo | 1 Wkxv U ' ( A
1 D v|pphwulf dujxphqw




lpsolhv U2&n ' (2 A2&n 1 Vr U" ' ( EA"/  5 ic 2j1 Wkxv wkhuh lv
lqwhulp udwlrqdol}deoh wudgh li dqg rqo| li A" 9' >1
Qrz li Eu c u2 kdv d f|foh/ wkdw f|foh fohduo| vxuylyhv doo vwhsv lq wkh
deryh holplqdwlrq/ dqg wkhuhiruh wudgh lv lqwhulp udwlrqdol}deoh1
Wr suryh wkh frqyhuvh/ revhuyh wkdw
| 5 A"
|2 5 A2"

,
,

E|c |2 5 u iru vrph |2 5 A2" /
E|c |2 5 u2 iru vrph | 5 A" 1

Vxssrvh qrz wkdw |f 5 A" 1 Wkhq wkhuh h{lvwv |f2 5 A2" vxfk wkdw E|fc |f2 5
u 1 Vlploduo|/ wkhuh h{lvwv | 5 A"q vxfk wkdw E| c |rf2 5 u21 Uhshdwlqj

 wklv
&
& &
dujxphqw/ zh jhqhudwh d vhtxhqfh | G & ' fc c    vxfk wkdw | c |2 5 u




dqg |&n c |&2 5 u2 iru doo &1 Li Euc u2  lv df|folf/ wkhq wklv vhtxhqfh pxvw
wdnh dq lqqlwh qxpehu ri ydoxhv/ frqwudglfwlqj rxu dvvxpswlrq wkdw A lv
qlwh1

6

Glvfxvvlrq

SULRUV DQG WKH VL]H RI H[ SRVW JDLQV IURP WUDGH
GR QRW PDWWHU1 Sod|huv* sulru eholhiv ryhu wkh vljqdo vsdfh A duh
luuhohydqw wr wkh h{lvwhqfh ri lqwhulp udwlrqdol}deoh wudgh> doo wkdw pdwwhuv lv
zklfk hohphqwv ri A hdfk sod|hu wklqnv srvvleoh +l1h1/ dvvljqv srvlwlyh sured0
elolw| wr,1 Vlploduo|/ wkh vl}h ri wkh h{ srvw jdlq iurp wudgh . d T m ' |o lv
luuhohydqw> doo wkdw pdwwhuv lv zkhwkhu lw lv vwulfwo| srvlwlyh1 Wklv lpsolhv wkdw
dwwlwxghv wr ulvn dqg hqgrzphqwv duh luuhohydqw wr wkh h{lvwhqfh ri lqwhulp ud0
wlrqdol}deoh wudgh dv orqj dv wudghv ghshqg rqo| rq wkh uhdol}hg vljqdo suroh1
Vshflfdoo|/ vxssrvh wkdw sod|hu  kdv d vwulfwo| lqfuhdvlqj yrq Qhxpdqq0
Prujhqvwhuq xwlolw| ixqfwlrq  / dqg dq hqgrzphqw jlyhq e| wkh udqgrp
yduldeoh e 1 Wkh sursrvhg groodu wudgh lv jlyhq e| wkh ixqfwlrq % G A $ +/
:

zkhuh % E| uhsuhvhqwv wkh dprxqw wkdw sod|hu wzr zloo sd| sod|hu rqh rq
wkh hyhqw i ' |j1 Wkh lpsolhg qhw xwlolw| jdlqv duh jlyhq e| ixqfwlrqv T '
 Ee n % E  Ee  dqg T2 ' 2 Ee2  % E 2 Ee21 Exw fdofxodwlqj wkh
u dqg u2 vhwv iru T dqg T2 jlyhv u ' i| 5 A G  d ' |o : f dqg % E| : fj
dqg u2 ' i| 5 A G 2 d ' |o : f dqg % E| fj1 Wkxv xwlolw| ixqfwlrqv dqg
hqgrzphqwv duh luuhohydqw iru wkh h{lvwhqfh ri lqwhulp udwlrqdol}deoh wudgh1
LQILQLWH VLJQDO VSDFHV1 Wkh surri ri Sursrvlwlrq 5 uhpdlqv ydolg
li A lv qlwh dqg A2 lv frxqwdeo| lqqlwh/ exw Sursrvlwlrq 5 lv qrw ydolg li
erwk A dqg A2 duh frxqwdeo| lqqlwh1 Iru h{dpsoh/ frqvlghu d frxqwdeo|
lqqlwh yhuvlrq ri wkh wudglqj hqyhorshv jdph/ zkhuh A ' A2 ' ic 2c c j/
T '   2/ dqg  E  :  m  ' |  : f iru doo | 5 A /  5 ic 2j/  9' 1 Lq
wklv fdvh/ Euc u2  lv df|folf/ exw doo vwudwhjlhv duh lqwhulp udwlrqdol}deoh18
DOWHUQDWLYH FKDUDFWHUL]DWLRQV RI DF\FOLFLW\1 Lq
wkh dsshqgl{/ zh uhsruw d qxpehu ri dowhuqdwlyh fkdfwhul}dwlrqv ri df|folflw|1
Wkh| lpso| wkh wkuhh fkdudfwhul}dwlrqv glvfxvvhg lq wkh lqwurgxfwlrq1
Wkh Wudglqj Hqyhorshv Sureohp1 Zh qrwhg wkdw dq hdv| vx!0
flhqw frqglwlrq iru qr lqwhulp udwlrqdol}deoh wudgh lv wkdw wkh wudgh kdv wkh
vwuxfwxuh ri d wudglqj hqyhorshv sureohp/ l1h1/ wkhuh h{lvw ixqfwlrqv s G A $
ic 2c j zlwk wkh lqwhusuhwdwlrq wkdw s E|  lv wkh qxpehu ri grooduv lq wkh hq0
yhorsh ri w|sh | ri sod|hu > dqg vr T E/ ' T2 E/ ' s2 E|2 E/s E| E/1
Lq idfw/ Eu c u2 lv df|folf li dqg rqo| li lw frxog kdyh ehhq ghulyhg iurp d
wudglqj hqyhorshv sureohp=
Ohppd 6 Euc u2  lv df|folf li dqg rqo| li wkhuh h{lvw ixqfwlrqv s G A $
ic 2c j vxfk wkdw u  i| 5 A G s2 E|2  : s E| j dqg u2  i| 5 A G s E| : s2 E|2 j1
Prqrwrqlflw|1 Dqrwkhu vx!flhqw frqglwlrq iru qr lqwhulp udwlrqdol}0
deoh wudgh zdv wkdw wkh wudgh zdv }hur vxp dqg prqrwrqlf lq erwk sod|huv*
vljqdov/ l1h1/ T E/ ' T2 E/ ' % E| E/ c |2 E/ zkhuh % lv zhdno| lqfuhdvlqj
8

Wkh lpsruwdqfh ri doorzlqj dq lqqlwh qxpehu ri vljqdov lv zhoo nqrzq iurp glvfxvvlrqv
ri wkh wudglqj hqyhorshv sureohp +Qdohex ^46` dqg Jhdqdnrsorv ^<`,1 Ekdwwdfkdu|d dqg
Olspdq ^7` vkrzhg wkdw wudgh lv srvvleoh hyhq lq +lqwhulp, htxloleulxp zlwk ulvn qhxwudo
djhqwv/ d frpprq sulru dqg }hur vxp wudghv1 Wkhvh dvvxpswlrqv duh vx!flhqw wr uxoh rxw
wudgh li wkhuh duh rqo| d qlwh qxpehu ri vljqdov/ vlqfh wkh dvvxpswlrqv lpso| qr h{ dqwh
jdlqv iurp wudgh1 Exw li wkhuh duh dq lqqlwh qxpehu ri srvvleoh vljqdov dqg xqerxqghg
lqwhulp xwlolwlhv iurp wkh wudgh/ h{ dqwh xwlolwlhv pd| qrw eh zhoo0ghqhg dqg wkh xvxdo
htxloleulxp qr wudgh dujxphqw fdqqrw eh dssolhg1 Wkh| xvh d yhuvlrq ri wkh wudglqj
hqyhorshv sureohp wr pdnh wklv srlqw1

;

lq erwk vljqdov1 Djdlq/ Euc u2  lv df|folf li dqg rqo| li lw frxog kdyh ehhq
ghulyhg iurp vrph prqrwrqh }hur vxp wudgh=
Ohppd 7 Euc u2  lv df|folf li dqg rqo| li wkhuh h{lvwv dq rughulqj ri vljqdov
dqg +xqghu wkdw rughulqj, d zhdno| lqfuhdvlqj ixqfwlrq % G A $ + vxfk wkdw
u  i| 5 A G % E| : fj dqg u2  i| 5 A G % E| fj 1
Wkh Furvv Sdwwhuq1 D vx!flhqw frqglwlrq iru udwlrqdol}deoh wudgh
zdv wkh vlpsoh furvv sdwwhuq1 Exw wkh furvv sdwwhuq lv lq idfw qhfhvvdu|
iru udwlrqdol}deoh wudgh/ lq wkh fdvh zkhuh h{dfwo| rqh sod|hu vwulfwo| jdlqv
frqwlqjhqw rq hdfk vljqdo uhdol}dwlrq=
Ohppd 8 Li Euc u2 lv d sduwlwlrq ri A / wkhq Eu c u2 lv df|folf li dqg rqo|
li Euc u2  frqwdlqv qr 20f|fohv1
Qrwlfh wkdw Euc u2  zloo sduwlwlrq A zkhqhyhu wudghv duh }hur vxp h{
srvw/ wkh| ghshqg rqo| rq wkh yhfwruv ri vljqdov revhuyhg e| wkh sod|huv dqg
doo surohv ri vljqdo uhdol}dwlrqv duh srvvleoh/ l1h1/ li wkhuh h{lvwv % G A $ +
vxfk wkdw/ iru doo | 5 A / . d T m ' | o ' . dT2 m ' | o ' % E| 9' f dqg
 d ' |o 9' f iru hdfk 1
LQWHULP YHUVXV H[ DQWH UDWLRQDOL]DELOLW\1 Lq dsso|0
lqj udwlrqdol}delolw| lq dq lqfrpsohwh lqirupdwlrq vhwwlqj/ zh idfh d prghoolqj
fkrlfh= vkrxog zh wklqn ri sod|huv fkrrvlqj wkhlu dfwlrqv dw wkh lqwhulp vwdjh
0 diwhu revhuylqj wkhlu sulydwh vljqdov 0 lq zklfk fdvh lw lv qdwxudo wr doorz
glhuhqw w|shv ri wkh vdph sod|hu wr kdyh glhuhqw frqmhfwxuhv ryhu wkhlu
rssrqhqw*v vwudwhj|> ru vkrxog zh wklqn ri sod|huv fkrrvlqj wkhlu vwudwhjlhv
dw wkh h{ dqwh vwdjh 0 ehiruh revhuylqj wkhlu sulydwh vljqdov 0 lq zklfk fdvh
lw lv qdwxudo wr uhtxluh glhuhqw w|shv ri wkh vdph sod|hu wr kdyh wkh vdph
frqmhfwxuh ryhu wkhlu rssrqhqw*v vwudwhj|B Wkh iruphu ohdgv wr wkh lqwhulp
ghqlwlrq ri udwlrqdol}delolw| wkdw zh ghvfulehg hduolhu1 Wkh odwwhu jlyhv wkh
iroorzlqj ghqlwlrq ri h{ dqwh udwlrqdol}delolw|1 Vwduwlqj zlwk ff ' ( / zh
uhfxuvlyho| ghqh wkh vwudwhj| vhwv=
f&n '
f2&n '

q





r

q





r

_ 5 f& m <_2 5 frqy f2& G ;| 5 A G _ E| '  E_2  E|  c
_2 5 f2& m <_ 5 frqy f& G ;|2 5 A2 G _2 E|2 ' 2 E_  E|2  

<

W

Wkh vhw ri h{ dqwh udwlrqdol}deoh vwudwhjlhv iru sod|hu  lv f" ' &Df f& 19
Wkh glhuhqfh ehwzhhq wkh deryh uhfxuvlrq dqg wkdw lq wkh ghqlwlrq ri
lqwhulp udwlrqdol}delolw| lv wkh wudqvsrvlwlrq ri wkh h{lvwhqwldo dqg xqlyhuvdo
txdqwlhuv1 Fohduo|/ f&  U& iru doo &/ dqg f"  U" 1 Vr/ li Eu c u2 lv
df|folf/ wkhuh lv dovr qr h{ dqwh udwlrqdol}deoh wudgh1 Rq wkh rwkhu kdqg/ wkh
iroorzlqj h{dpsoh ghprqvwudwhv wkdw df|folflw| ri Euc u2  lv qrw qhfhvvdu|
iru wkh lpsrvvlelolw| ri h{ dqwh udwlrqdol}deoh wudgh1
H{dpsoh 9 Vxssrvh wkdw/ iru  5 ic 2j/
iru doo | 5 A / dqg T ' T2 ' T / zkhuh T
wkh iroorzlqj wdeoh=
|2
|22
| f

|2  0
|  0

A ' i| c |2 c | j/  d ' |o ' *b
lv jlyhq dv d ixqfwlrq ri w|shv e|
|2


0
0

Li 0 5 Efc * / wkhq h{ dqwh udwlrqdol}deoh wudgh lv lpsrvvleoh/ hyhq wkrxjk
Eu c u2 kdv d 20f|foh 1
Krzhyhu/ d sduwldo frqyhuvh lv srvvleoh1 Vxssrvh wkdw Euc u2 kdv d f|foh/
i|c    c |? j1 Prgli|lqj  vr wkdw  d ' |o '
 *2?
 iru doo | dvvrfldwhg zlwk
& &
wkdw f|foh +wkdw lv/ dq| | ri wkh irup | c |2 ru |&n c |&2 ru E| c |?2 , zkloh
wkh frqglwlrqdo suredelolwlhv  d  m ' |o uhpdlq wkh vdph/: lw iroorzv hdvlo|
wkdw doo vwudwhjlhv ri wkh irup i  '|& j duh h{0dqwh udwlrqdol}deoh xqghu wkh
qhz sulruv1
UHILQHPHQWV1 Zh dvvxphg wkdw wudgh lv uhmhfwhg li d sod|hu lv lqgli0
ihuhqw ehwzhhq dffhswlqj dqg uhmhfwlqj1 Zh kdyh lq plqg wkdw wkhuh lv d
vpdoo frvw dvvrfldwhg zlwk dffhswlqj wudgh +zkhwkhu ru qrw wkh wudgh lv lp0
sohphqwhg,1 Doo wkh dqdo|vlv ri wklv sdshu zrxog uhpdlq wkh vdph lq wkh
9

Erwk h{ dqwh dqg lqwhulp udwlrqdol}delolw| dvvxph wkdw wkh sod|huv* sulruv ryhu wkh
vwdwh vsdfh duh frpprq nqrzohgjh1 Edwwljdool ^5` lqwurgxfhg d qrwlrq ri lqfrpsohwh lqiru0
pdwlrq udwlrqdol}delolw| wkdw grhv qrw ghshqg rq djhqwv* sulru eholhiv derxw w|shv/ dqg lv
lq jhqhudo zhdnhu wkdq lqwhulp udwlrqdol}delolw| +lq vwdwlf jdphv,1 Exw vlqfh rxu fkdudf0
whul}dwlrq ri lqwhulp udwlrqdol}deoh wudgh zdv lqghshqghqw ri wkh sulru eholhiv/ rxu lqwhulp
udwlrqdol}delolw| fkdudfwhul}dwlrq zrxog krog xqfkdjhg iru Edwwljdool*v qrwlrq1 Dq hduo|
yhuvlrq ri Edwwljdool ^5` qrwhg wkh lpsrvvlelolw| ri udwlrqdol}deoh wudgh +lq klv vhqvh, lq wkh
qlwh vljqdo wudglqj hqyhorshv h{dpsoh1
:
Zh frxog dovr dvvxph wkdw Sl ^ @ w` A 3 iru doo w 5 W e| ohwwlqj Sl ^ @ w` @ 4@5q% A
3 iru doo w 5 w4 > = = = > wq / dqg vx!flhqwo| vpdoo % A 31
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suhvhqfh ri d vx!flhqwo| vpdoo vxfk frvw/ zklfk zdv wkhuhiruh rplwwhg iurp
rxu irupdo vhwxs1 Wklv dvvxpswlrq hqvxuhv wkdw d sod|hu*v ehvw uhvsrqvh wr
qr wudgh lv qr wudgh1 Li zh glg qrw lpsrvh wklv uhqhphqw/ dq|wklqj zrxog
eh d ehvw uhvsrqvh wr qr wudgh/ dqg wkhuhiruh dq| ehkdylru zrxog eh lq0
whulp udwlrqdol}deoh1 Wkxv vrph irup ri uhqhphqw lv uhtxluhg wr rewdlq dq|
lqwhuhvwlqj uhvxowv1
Rxu sduwlfxodu fkrlfh ri uhqhphqw lpsolhv wkdw qr wudgh lv dozd|v lq0
whulp udwlrqdol}deoh iru hyhu| w|sh1 Lw lv wklv surshuw| wkdw hqvxuhv wkdw
wkh h{lvwhqfh ri lqwhulp udwlrqdol}deoh wudgh lv lqghshqghqw ri wkh sod|huv*
sulru eholhiv derxw vljqdov1 Vxssrvh lqvwhdg zh ghohwhg rqh urxqg ri zhdn
grplqdwhg vwudwhjlhv ehiruh lwhudwhg ghohwlrq ri vwulfwo| grplqdwhg vwudwh0
jlhv +Ghnho dqg Ixghqehuj ^8`,1 Wkhq zhdn grplqdqfh frqvlghudwlrqv zrxog
vrphwlphv uhtxluh wkdw dffhswlqj wudgh zdv wkh rqo| srvvleoh ehvw uhvsrqvh
e| wkh rssrqhqw1 Wklv frxog pdnh d vljqlfdqw glhuhqfh/ dv lq wkh iroorzlqj
h{dpsoh1;
H{dpsoh : A ' i|j/ A2 ' i|2 c |22j/  d ' |o ' 2 iru hdfk  5 ic 2j dqg
| 5 A / dqg ET c T2  lv jlyhq dv d ixqfwlrq ri w|shv e| wkh iroorzlqj wdeoh=
|

|2
|22
2c  c 

Wudgh lv lqwhulp udwlrqdol}deoh dw E|c |22/ vlqfh E| c |22 lv d 0f|foh1 Krzhyhu/
ghohwlqj zhdn grplqdwhg vwudwhjlhv zrxog lpso| wkdw erwk w|shv ri sod|hu 2
pxvw wudgh1 Exw qrz dffhswlqj wudgh fdqqrw eh d ehvw uhvsrqvh iru wkh xqltxh
w|sh ri sod|hu 1
Wkxv zkloh zh eholhyh wkdw rxu uhqhphqw lv yhu| qdwxudo iru wklv wudglqj
jdph/ lw lv lpsruwdqw wr qrwh wkh vxewoh uroh wkdw lw sod|v1

Uhihuhqfhv
^4` U1 Dxpdqq/ Fruuhodwhg Htxloleulxp dv dq H{suhvvlrq ri Ed|hvldq Ud0
wlrqdolw|/ Hfrqrphwulfd/ 88 +4<;:,/ 404;1
^5` S1 Edwwljdool/ Udwlrqdol}delolw| lq Lqfrpsohwh Lqirupdwlrq Jdphv/
zrunlqj sdshu/ Sulqfhwrq Xqlyhuvlw|1
;

Zh duh judwhixo wr d uhihuhh iru srlqwlqj rxw wkh lpsolfdwlrqv ri wkh Ghnho0Ixghqehuj
surfhgxuh lq wklv h{dpsoh1
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^6` G1 Ehuqkhlp/ Udwlrqdol}deoh Vwudwhjlf Ehkdylru/ Hfrqrphwulfd/ 85
+4<;7,/ 433:0435; 1
^7` V1 Ekdwwdfkdu|d dqg E1 Olspdq/ H{ Dqwh yhuvxv Lqwhulp Udwlrqdolw|
dqg wkh H{lvwhqfh ri Exeeohv/ Hfrqrplf Wkhru|/ 9 +4<<8,/ 79<07<71
^8` H1 Ghnho dqg G1 Ixghqehuj/ Udwlrqdo Ehkdylru zlwk Sd|r Xqfhu0
wdlqw|/ Mrxuqdo ri Hfrqrplf Wkhru|/ 85 +4<<3,/ 576059:1
^9` H1 Ghnho dqg I1 Jxo/ Udwlrqdolw| dqg Frpprq Nqrzohgjh lq Jdph
Wkhru|/ Dgydqfhv lq Hfrqrplfv dqg Hfrqrphwulfv= Vhyhqwk Zruog
Frqjuhvv ri wkh Hfrqrphwulf Vrflhw|/ Yroxph 41 Fdpeulgjh Xqlyhuvlw|
Suhvv/ 4<<:1
^:` S1 GhPdu}r dqg F1 Vnldgdv/ Rq wkh Xqltxhqhvv ri Udwlrqdo H{shfwd0
wlrqv Htxloleuld/ Hfrqrplf Wkhru|/ 46 +4<<<,/ 40571
^;` S1 GhPdu}r dqg F1 Vnldgdv/ Djjuhjdwlrq/ Ghwhuplqdf|/ dqg Lqirupd0
wlrqdo H!flhqf| iru d Fodvv ri Hfrqrplhv zlwk Dv|pphwulf Lqirupd0
wlrq/ Mrxuqdo ri Hfrqrplf Wkhru|/ ;3 +4<<;,/ 45604851
^<` M1 Jhdqdnrsorv/ Frpprq Nqrzohgjh/ Kdqgerrn ri Jdph Wkhru|/
fkdswhu 73 ri yroxph 5/ U1 Dxpdqq dqg V1 Kduw/ hglwruv1 Hovhylhu Vfl0
hqfh1
^43` S1 Plojurp dqg M1 Urehuwv/ Udwlrqdol}delolw|/ Ohduqlqj dqg Htxloleulxp
lq Jdphv zlwk Vwudwhjlf Frpsohphqwdulwlhv/ Hfrqrphwulfd/ 8; +4<<3,/
4588045:;1
^44` V1 Pruulv/ Wudgh zlwk Khwhurjhqhrxv Sulru Eholhiv dqg Dv|pphwulf
Lqirupdwlrq/ Hfrqrphwulfd/ 95 +4<<7,/ 465:0467:1
^45` V1 Pruulv/ Dffhswdqfh Jdphv dqg Surwrfrov/ FDUHVV Zrunlqj Sdshu
&<5055/ Xqlyhuvlw| ri Shqqv|oydqld1
^46` E1 Qdohex/ Sx}}ohv= Wkh Rwkhu Shuvrq*v Hqyhorsh lv Dozd|v Juhhqhu/
Mrxuqdo ri Hfrqrplf Shuvshfwlyhv 6 +4<;<,/ 4:404;41
^47` G1 Shdufh/ Udwlrqdol}deoh Vwudwhjlf Ehkdylru dqg wkh Sureohp ri Shu0
ihfwlrq/ Hfrqrphwulfd/ 85 +4<;7,/ 435<043831
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^48` M1 Vhehqlxv dqg M1 Jhdqdnrsorv/ Grq*w Ehw Rq Lw= Frqwlqjhqw Djuhh0
phqwv zlwk Dv|pphwulf Lqirupdwlrq/ Mrxuqdo ri wkh Dphulfdq Vwdwlv0
wlfdo Dvvrfldwlrq/ :; +4<;6,/ 75707591
DSSHQGL[
Lq wklv dsshqgl{/ zh surylgh d qxpehu ri dowhuqdwlyh fkdudfwhul}dwlrqv ri
df|folflw|1
Frqglwlrq D Euc u2  lv df|folf1
Frqglwlrq E Wkhuh h{lvwv d sduwlwlrq/ Eun c u3 / ri A zlwkrxw f|fohv vxfk
wkdw u  un dqg u2  u3 1
Frqglwlrq F Wkhuh h{lvwv d sduwlwlrq/ Eun c u3 / ri A zlwkrxw 20f|fohv
vxfk wkdw u  un dqg u2  u3 1
Frqglwlrq G Wkhuh h{lvw ixqfwlrqv s G A $ ic 2c   j vxfk wkdw u 
i| 5 A G s2 E|2 : s E|j dqg u2  i| 5 A G s E| : s2 E|2j1
Frqglwlrq H Wkhuh h{lvw elmhfwlrqv  G A $ ic 2c c ? j dqg 2 G A2 $
ic 2c c ?2j dqg dq lqfuhdvlqj ixqfwlrq/ % G ic c ?j  ic c ?2j $ +/
vxfk wkdw u  i| 5 A G % E E| c 2 E|2  : fj dqg u2  i| 5 A G % E E| c 2 E|2 
Ohppd ; Frqglwlrqv D wkurxjk H duh doo htxlydohqw1
Qrz frqglwlrq F jlyhv ohppd 8/ frqglwlrq G jlyhv ohppd 6 dqg frqglwlrq
H jlyhv ohppd 71
Surri1 E ,  Vxssrvh wkdw Euc u2  kdv qr f|fohv dqg | 5
* u ^u21 Zh
fodlp wkdw hlwkhu Eu ^ i|j c u2 ru Euc u2 ^ i|j pxvw wkhq kdyh qr f|fohv/
dv zhoo1 Lqwxlwlyho|/ vxssrvh wkdw dwwdfklqj | wr hlwkhu u ru u2 fuhdwhv d
f|foh1 Dq looxvwudwlrq ri wklv vlwxdwlrq dsshduv ehorz1

|

n


n


|2


n
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n

n 

fj1

Lw lv wkhq fohdu wkdw wkh xqlrq ri wkhvh wzr lqfrpsohwh f|fohv irupv d f|foh
zlwkrxw |/ frqwudglfwlqj wkh dvvxpswlrq wkdw Eu c u2 frqwdlqv qr f|fohv1
Pruh irupdoo|/ vxssrvh wkdw Eu ^ i|j c u2 kdv wkh f|foh E|c    c |6 / dqg
Eu c u2 ^ i|j kdv wkh f|foh Er c    c r? / hdfk fkrvhq wr eh ri plqlpdo fdu0
glqdolw|1 Vlqfh Eu c u2 kdv qr f|fohv/ erwk ri wkhvh f|fohv frqwdlq |/ dqg
vlqfh wkh| zhuh fkrvhq wr eh plqlpdo/ wkh| rqo| frqwdlq | rqfh1 Zlwkrxw
orvv lq jhqhudolw|/ zh dvvxph wkdw | ' E| c |2 ' Erc r?2 1 Wklv lpsolhv wkdw
 6
2 ?
2 
Erc |6
2  ' E| c |2  5 u2 dqg E| c r2  ' E| c |2  5 u 1 Exw wkhq wkh ghqlwlrq ri
d f|foh lpsolhv wkdw E|2 c    c |6 c r c c r?  lv d f|foh ri Eu c u2/ d frqwudglfwlrq1
Uhshdwlqj wklv surfhgxuh/ doo hohphqwv ri A fdq eh vljqhg zlwkrxw fuhdwlqj
f|fohv/ frquplqj frqglwlrq E1
E ,  Lpphgldwh1
Iru wkh qh{w sduw ri wklv surri/ zh xvh dq dujxphqw vlplodu wr wkdw ri
Sursrvlwlrq : lq GhPdu}r dqg Vnldgdv ^:`1
E , ( Ohw Eun c u3  eh d sduwlwlrq ri A zlwkrxw 20f|fohv vxfk wkdw u 
un dqg u2  u3 +l1h1/ dvvxph frqglwlrq F krogv,1 Ghqh wkh vhwv
8 E| ' i|2 5 A2 G E| c |2 5 un j / dqg
82 E|2 ' i|2 5 A2 G E| c |2 5 un iru vrph E|c |2  5 u3 j >
dqg ohw s E|  ' g  2 m8 E|m dqg s2 E|2  ' g    2 m82 E|2m/ iru vrph
odujh srvlwlyh lqwhjhu g +zkhuh wkh qrwdwlrq m8 m uhsuhvhqwv wkh fduglqdolw|
ri wkh vhw 8 ,1 E| ghqlwlrq/ E| c |2 5 u3 lpsolhv 8 E|   82 E|2 > wkxv
g  s E|  ' 2 m8 E| m  2 m82 E|2 m ' g    s2 E|2> vr s E|  s2 E|2  1
Dovr/ E|c |2 5 un lpsolhv 82 E|2  8 E| q i|2j dqg |2 5 8 E| > wkxv
g    s2 E|2 ' 2 m82 E|2m  2 Em8 E| m   ' g  s E|   2> vr s2 E|2  
s E|   1
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